For any given frame (for the purpose of encoding) in a finite dimensional Hilbert space, we investigate its dual frames that are optimal for erasures (for the purpose of decoding). We show that in general the canonical dual is not necessarily optimal. Moreover, optimal dual frames are not necessarily unique. We present some sufficient conditions under which the canonical dual is the unique optimal dual frame for the erasure problem. As an application, we get that the canonical dual is the only optimal dual when either the frame is induced by a group representation or the frame is uniform tight.
Introduction
In recent years researchers have been interested in searching for "best tight frames" from the coding theory viewpoint. This leads to the the investigation of optimal frames for erasures (cf. [2] [3] [4] 6, 10, [15] [16] [17] ). Typically, when dealing with erasures, optimal frames are found prior to coding which minimize the error on reconstructing a coded vector with a certain number of missing coordinates. These optimal frames are then used to encode and decode the signal (vector). It was known that uniform (length) tight frames are optimal for 1-erasure, and equiangular frames are optimal for two erasures [15] . In this paper we take a different direction: our scenario is to encode a vector using a (not necessarily tight) frame which is already chosen, and then, if there are missing coordinates, to reconstruct the vector using a dual frame that minimizes the error of the reconstruction. Such a dual frame will be referred to as an optimal dual with respect to erasures. In order to discuss our main results, we first recall and introduce some definitions and notations about frames for Hilbert spaces.
A frame for a separable (real or complex) Hilbert space H is a sequence {x j } j∈J of H such that there exist two positive constants A, B > 0 with the property that A tight frame is a frame with equal frame bounds (A = B). It is called a Parseval frame if A = B = 1 (Sometimes a Parseval frame is also called a normalized tight frame [14] ). A uniform frame is a frame when all the elements in the frame sequence have the same norm. If a frame {x j } j∈J satisfies the condition that | x i , x j | is a constant for all i / = j, then it is called an equiangular frame. There are strict restrictions for the existence of Parseval equiangular frames on the cardinality of J and the dimension of the Hilbert space [17] .
For a frame {x j } j∈J of H, the associated analysis operator is the linear mapping Θ :
defined by:
where {e j } is the standard orthonormal basis for 2 (J ). The adjoint operator Θ * of Θ is given by
If we let S = Θ * Θ, then we have
Thus S is a positive invertible bounded linear operator on H, which is called the frame operator for {x j } j∈J . A direct calculation yields
This tells us that {S −1/2 x j } j∈J is a Parseval frame, and {S −1 x j } j∈J is also a frame for H. The frame {S −1 x j } j∈J is called the canonical (or standard) dual of {x j } j∈J , which is used to reconstruct the signal x with the encoding coefficient sequence { x, x j } ∈J .
In this paper we are only interested in frames with finitely many vectors and hence the underlying Hilbert spaces are automatically finite dimensional. When
Hilbert space), the analysis operator Θ for a frame {x j } n j=1 with n-elements is a n × k matrix with the row vector x j = (x j1 , . . . , x jk ) as the jth row of the matrix. Let η i (i = 1, . . . , k) denote its column vectors. Then span{η i : i = 1, . . . , k} is the range space of Θ. So we have the following (i) {x 1 , . . . , x n } is a frame if and only if the set of the column vectors of Θ is linearly independent.
(ii) {x 1 , . . . , x n } is a normalized tight frame if and only if the set of the column vectors of Θ is an orthonormal set.
(iii) {x 1 , . . . , x n } is a uniform length frame if and only if the set of column vectors of Θ are linearly independent and the row vectors have the same 2 -norm.
Given a finite frame {x i } n i=1 for a Hilbert space H of dimension k. Then we necessarily have n k.
When n > k, then, besides the canonical dual, there also exist many (in fact, infinitely many) frames
for H that yields a reconstruction formula for H:
A frame {y i } 
For our convenience we will use the terminology (n, k)-frame to refer to a frame of n-elements for a k-dimensional Hilbert space H, and (n, k)-dual frame pair to refer to a dual frame pair of n-elements for a k-dimensional Hilbert space H.
In coding theory, a (signal) vector x is encoded as Θ(
, and then Θ(x) is sent to a receiver for decoding to reconstruct the signal x. This last decoding process requires the dual frame to do the job. However, some of the coefficients in the encoded data Θ(x) may be lost in the transmission process. Due to the redundancy property of the frame (when n > k), it is still possible to perfectly reconstruct the original x with a few lost data. But it may not be practical to do so as the reconstruction process in the receiver side then will heavily depend on the positions of the data lost in the transmission. This problem leads to the approximation approach which uses the
where x is the set of all i such that x, x i is received. The goal is to select a frame such that error x − x is minimal (with respect to some metric). To make this precise let us first introduce the error operator, a notation adopted from [15] for Parseval frames. Let D m be the set of all n × n diagonal matrices with m 1 s and n − m 0 s. For any dual frame pair (X, Y ) with X = {x i } and Y = {y i }, we define 
So the measure of the error operator Θ * Y DΘ X tells us the accuracy of the approximation. When using the operator norms, an optimal dual frame pair can be defined inductively as follow:
When restricted to the class of all the (n, k)-Parseval frames where Y = X, it was proved by a number of researchers that a Parserval frame {x i } n i=1 is 1-erasure optimal if and only if it is uniform, and it is 2-erasure optimal if and only if it is an equiangular uniform frame (provided that such an (n, k)-frame exists). Very similar results hold for general optimal dual frame pairs when using the spectral radii metric for Θ * Y DΘ X (see [15] ). In applications there might be a lot of restrictions when selecting the frames for encoding. For example, due to the nature of the application, some very irregular (contrast to equiangular, uniform, Parseval etc.) frames may be better suitable for encoding. This leads to the question of selecting the "optimal" dual frames for a given frame that minimize the error when erasure occurs. Since we are working on finite dimension spaces, the optimal dual always exists (see Corollary 2.2). However, contrary to some reconstruction problems in the presence of noise (cf. [1] ) where the canonical dual is the best choice, the canonical dual in general is not necessarily optimal for the erasure problem (see Examples in Section 3). This leads to the question of identifying some classes of frames for which the canonical duals are optimal for erasures. We prove in Section 2 that if ||x i || · ||S −1 x i || is a constant for all i (where S is the frame operator), then the canonical dual of {x i } n i=1 is optimal for erasures. As an application, we get that the canonical dual is optimal for every frame that is induced by a group representation. This is also true when a frame is uniform tight.
Optimal dual frames
is an optimal dual frame of X for 1-erasure if
Inductively, a dual frame Y for X is called an optimal dual frame for m-erasure if it is optimal for (m − 1)-erasure and
We remark that it is natural to require that an optimal dual for for m-erasure is also optimal for m − 1-erasure since the erasure problem usually asks for seeking an alternate dual which is optimal for losing at most m number of missing data in applications.
Let S be the frame operator for X. 
immediately obtain that an optimal dual frame of X for m-erasure will be the one that is a solution for the following minimization problem:
We first prove the existence of the optimal dual for any erasures. Let x, y ∈ H. We will use x ⊗ y to denote the rank-one operator defined by (
for some 1 i n. Therefore when we consider 1-erasure optimal dual frames, it is reasonable to assume that x i / = 0 for all 1 i n. Thus the function defined by Proof. We only need to show the convexity of the set. Let Y (1) and Y (2) be two optimal dual frames of X for m-erasure. Then we have
).
) and so the equality holds.
Following from the above lemma and using an induction argument we obtain: 
.
In fact this is frame induced by a group representation, and the canonical dual is the unique optimal dual, see Corollary 2.9.
Next, we give two examples showing that a frame may have infinitely many optimal duals, and the canonical dual is not necessarily optimal even if the optimal dual is unique. The details of these examples will be given in Section 3.
Example 2.4 (An example of a frame which has a unique optimal dual but non-canonical).
Let H = R 2 , and consider the frame
This is a uniform, non-Parseval frame, where x i = 1, for all i. This frame X has a unique 1-erasure (and hence m-erasure) optimal dual frame that is not the canonical dual of X.
Example 2.5. Let H = R 2 , and consider the frame X = {x i }
given by 1 0
.
Then X has infinitely many optimal duals for both one and two erasures.
The following result provides us a large class of frames for which the canonical dual is the only optimal dual for any m-erasures.
Theorem 2.6. Let {x i } n i=1 be a frame for a k-dimensional Hilbert space H and S be its frame operator. If S −1 x i · x i = c is a constant for all i, then the canonical dual frame is the unique optimal dual frame for any m-erasures.
We need a simple lemma for the proof of Theorem 2.6.
Proof. This follows from the fact that tr(Θ X Θ
* U ) = tr(Θ * U Θ X ) = 0 and the fact that tr(Θ X Θ * U ) = n i=1 x i , u i .
Proof of Theorem 2.6. From the definition of an optimal dual for m-erasures, it suffices to show
is the unique optimal dual frame for 1-erasure. Let
be an optimal dual frame of X, where Θ *
. Then max
So we have
Since x i / = 0, we get that y i S −1 x i for all i. Note that
Thus we get
holds for all i, and therefore we have As a special case we have the following result:
is a tight uniform frame for H, then the canonical dual is the unique optimal dual frame of X for m-erasure
is a tight frame with frame bound A. Then the frame operator of
is also uniform. The consequence then follows from Theorem 2.6. Theorem 2.6 also applies to another special class of frames -frames induced by group representations. Let G be a group. Recall that a unitary representation π of G is a group homomorphism from G into the group of unitary operators on some nonzero Hilbert space H π . H π is called the representation space and dimH π is called the dimension of the representation. A unitary representation π for a group G is called a frame representation if there is a vector ϕ ∈ H such that {π(g)ϕ : g ∈ G} is a frame for H, and in this case we say that {π(g)ϕ : g ∈ G} is a G-frame [11] . We emphasize that from the definition of frames, we treat a G-frame as a sequence indexed by the elements of G. A G-frame is clearly a uniform frame. When G is a cyclic group, a G-frame is called a general harmonic frame in [6] , and it is called a geometrically uniform frame in [7] when G is abelian.
Corollary 2.9. Let π be a group representation of a finite group G on a Hilbert space H. If {π(g)ϕ} g∈G is a frame for H, then the canonical dual of {π(g)ϕ} g∈G is the unique optimal dual frame for any erasure.
Proof. Let S be the frame operator for {π(g)ϕ} g∈G . Then, a direct calculation shows that Sπ(g) = π(g)S holds for all g ∈ G. Thus we have S −1 π(g) = π(g)S −1 for every g ∈ G. This implies that S −1 π(g)ϕ = π(g)S −1 ϕ, and therefore we have that
is a constant. Hence, by Theorem 2.6, the canonical dual of {π(g)ϕ} g∈G is the unique optimal dual frame for any erasure.
We remark that the above result is also valid for frames induced by projective unitary representations. We refer to [8, 9, 12, 13] for some recent work on frames induced by projective unitary representations.
In view of Theorem 2.6, we would wonder whether a dual frame
if ||y i || · ||x i || is constant for all i. With the help of Corollary 2.9 we point out that the answer to this question is negative. Proposition 2.10. There exists a G-frame {π(g)ϕ} g∈G such that it admits a dual frame of the form {π(g)η} g∈G that is not the canonical dual, and consequently, {π(g)η} g∈G is not optimal.
Proof. Let π be a group representation on H and {π(g)ϕ} g∈G be a Parseval frame for H with the property that there exists g 1 , g 2 
Then, by the main result on the uniqueness of dual frame generators obtained in [9] , there exists η ∈ H such that η / = S −1 ϕ and {π(g)η} g∈G is a dual frame of {π(g)ϕ} g∈G , where S is the frame operator for {π(g)ϕ} g∈G . Clearly, ||π(g)η|| · ||π(g)ξ || is a constant for all g ∈ G. By Corollary 2.9, {π(g)η} g∈G is not optimal.
Examples
In this section we give the details on Examples 2.4 and 2.5. Moreover, we show that the frame in Example 2.5 has infinitely many optimal dual frames for 2-erasures.
Example of a frame with non-canonical optimal dual
Let H = R 2 , and consider the frame {x i }
This is a uniform length, non-Parseval frame, where x i = 1, for all i. The frame operator and its inverse are given by: We claim that the frame
is the unique optimal dual for {x i } 3 i=1 (see Fig. 3 .1 for the three frames)
Proof. An optimal dual frame is the sequence {S −1
is the canonical dual given by ⎧ ⎨
By letting x = e 1 and x = e 2 we get
and so all such {u i } must be of the form
, and
and so the function needs to be minimized is
where u = a b .
To simplify the calculations, we first point out that there is an optimal dual with a = b. This can be proved if we can show that
Therefore we have
where the last line follows since , we have
is minimal, and thus
+ r, the quadratics in f (a) become
In order for the maximum to be less than ( Thus the first inequality in the proof of "F(ũ) F(u)" becomes a strict inequality when a / = b. Hence the optimal dual happens only when a = b, and therefore the optimal dual is unique.
Example of a frame with infinite optimal duals
Let H = R 2 , and consider the frame {x i } satisfy the condition, and so there are infinitely many optimal dual frames for 1-erasure. Finally we point out that this frame also has infinitely many optimal duals for 2-erasures. Let
